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IX. Flow of current in a cross connected m.h.d. generator with four electrodes

| By N. G. NEMrova anp G. R. ALavIDZE
High Temperature Institute, Moscow

The current flow patterns in an m.h.d. generator with four electrodes are derived. There are two
electrodes each side of the duct; the upstream one on the cathode side is connected to the down-
stream one on the anode side and a load across the other pair of electrodes produces a rudi-
mentary cross-connected generator. The fluid properties, flow conditions and magnetic field are
supposed uniform across the duct and a two-dimensional analysis is made. A Schwarz—Christoffel
transformation is employed to find potential and current distributions. Three simultaneous linear
equations must be solved to give explicit equations for currents and potentials. The method is
extendable to the case of more electrodes.
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1. FORMULATION OF THE PROBLEM

The generator considered has four electrodes, two on each opposing wall. The duct is of
fixed width d, the electrodes are all of length A and the spacing of each pair is p. Figure 1
shows the arrangement with electrodes numbered to distinguish them. Electrodes 1 and 3
are connected together and a load, of resistance R, is connected between electrodes 2 and 4.
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< The electrically conducting medium moves in the positive x direction with velocity V.
5 — The magnetic field B,, acts in the positive z direction and so the electric field induced by
= the motion is perpendicular to both these directions in the negative y direction. The
= QO magnetic Reynolds number is low, so that the magnetic field may be taken as B, at every
Eg point; it is supposed that the conductivity ¢, V;, B, and the electron mobility x are

constant throughout the generator (as is assumed, for example, by Hurwitz, Kilb &
Sutton 1961). Current flow need only be considered in two dimensions. We can express
Ohm law, taking into account the Hall effect, as

a
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456 N. G. NEMKOVA AND G. R. ALAVIDZE
where f, the Hall parameter is given by
f = uB = or,
j is the current and E’is the electric field as seen in the frame of reference of the moving
medium. E = V4+V,xB,, 2)

where ¢ is the electrostatic potential. It is possible to define F' = ¢’ iy’ where F’ is
an analytic function of Z = x+iy such that

x ox :—53 (34)
A
By ==% = o (30)

Hence, integrating relations (2) and (3) and matching arbitrary constants one may write

, ¢' = ¢+ V,Byy. (4)

Then the current is written i =701y (5)
The Ohm law can be represented by the complex equation:

o

0 i
(4 dz”
where E' = E —iE,
and where § = arctan f. In terms of F' = ¢’-+iy’ the components of j may be written
.0 ay’ ag’
Jx = 1_!_/32(-”’3}/——’“13 3_2/),

. o (Y a¢’
b=y T P )

Once the function F’ is determined the currents, electric fields, and hence potentials at
any point may be calculated. The function I/ may be considered as a transform mapping
the generator in the Z plane into the /' plane in which equipotentials of the field E’ are
straight lines of constant ¢’ and in which current stream lines are also straight such that
¥’ — ¢’ is constant along any one; i.e. they are at an angle ($7—0) to the equipotentials.
In order to determine F’ the boundary conditions must first be examined.

On the insulating surfaces the normal component of current is zero;

Jy =0, (7)
or in terms of the field E E)JE, = —f
on the electrodes E,= —0¢'|dx = 0. (8)
Electrodes 1 and 3 are at the same electrostatic potential. By virtue of equation (4) this

it , ,
may be written ¢l = $i+V,Byd. (9)
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The current into electrode 8 equals that from electrode 1
—I, =1 (10)

The total current into electrode 2 is the same as the total current from electrode 4 and
this current is related to the potential difference between electrodes 2 and 4 through the

load resistance. I, = I, = (fs— $3)/R. (11)
In terms of F equation (11) can be written again by virtue of (4)
41— da+ Vo Byd
14 — ¢4 ¢2R 0~0 . (12)

There are no currents flowing at # = +-co. The problem is now specified completely
and it merely remains to determine F’.

2. FORMAL SOLUTION OF THE PROBLEM

The four-electrode system is shown in figure 2 which also shows how currents may be
expected to flow. The ends of electrode 1 are 7}, and 77,, those of 27T, and T,,, etc. It is
possible that there will be reversal of current on electrodes 2 and 4 ; the reversal points are
marked 4 and B.

Z=z+iy plane nleakage currents
Y |2A Ty T 1 T v
K\ \w w=u+iv plane
Ly 3 T 4 Ty »
a b
R Uy U Uy Uy O Uy Ugy Uy Ug
Ficure 2. FIGURE 3.

A conformal mapping can be done in two stages. First the Z plane (figure 2) is mapped
on to the w(= u+iv) plane (figure 3) by the transformation

w = e, , (13)

The internal region of the duct in the plane is mapped on to the upper half of the w
plane. Points u;; correspond to the points 7; in the Z plane and the current reversal
points occur at ¥ = a,b respectively.

Next, the w plane is mapped into the F’ plane by using a Schwarz—Christoffel trans-
formation: .

/ 4
C(lii = K e’ (w—a) (w—0b) T (w—u, )" * (w—u,) 04 (14)
n=1
and since dw 7 w (15)
dZz d ™

57 Vor. 261. A.
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dF¥  dF'dw K . 4 - P
we have 7 - dw dz— 777 e w(w—a) (w—>0) IT (w—u, )0 (w—u,) 07 % (16)

n=1

This transforms the interior of the duct in the Z plane into a decagon in the ¥’ plane
(figure 4). The boundaries of the duct correspond to the boundaries of the decagon; 4;;
corresponds to 77;, and A" and B’ to 4 and B. The F’ defined by this transformation
satisfies all the boundary conditions completely, except that conditions (9), (10) and (12)
have to be satisfied by the correct choice of K, a and 4 in equations (15) or (16), and if F’
is to be determined completely, an arbitrary constant arising from integration of (16) is
determined by using equation (4). The solution is unique and so the /' described here is
the one sought.

conducting region,

insulating region

0 ¢’
0 = arctan f F' = ¢'+1y’ plane
FIGURE 4.

Although the figures show current reversal on electrodes 2 and 4 this is not necessarily
the case. The points @ and b on the u axis of the w plane may appear on insulators which
would mean a potential maximum would occur at corresponding points in the Z plane.

From equation (6) and the transform (16)

J= (m__,l _;;2)% g K(w—a) (w—b) n]i[l (w—u, )0 (1 u,) "0, (17)

3. DETERMINATION OF THE CONSTANTS
It is convenient to write
o m
(1+p2)td
and to determine the values of R,, R, and R, from which K, a and b may be quickly found.
Boundary condition (9) requires

K(w—a) (w—>) = R,+R,w-+ R;w?, (18)

0= ¢:’s— ¢11+ VoBod-

Since ¢’ is constant along an electrode

bty = [ g+ [ g

T2

un dF7 ust  F
= R [J‘umaw du-'-'fu”a“i; dU] .
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Between u;, and u,, on the # axis (from 14)

dF’ d 1
dw = g LHA)E (Byt Ryw+Ryw?) ¥,

4
where V= I |w—u, |0t |w—u, |~0m~%
n=1

which is always real. Therefore

u uzt o

@f dg’ = _f L (R4 Ryu+Ryu?) W du
U2 ui2 no
= —(d/70) (R,Gyz9+ Ry Gy + Ry Gyy),

uj1
where Gl-jk = f uF\Pdu.
Uiz

.. 1dF
Similarly 2 f N du = s (R10230+R2G231+R30232):

and so condition (9) leads to
R, (Gra9— Gaso) -+ Ry(Groy — Gagy) + Ry (Gray—Gagy) = VBo. (19)
The current into electrode 1 is given by
T
Jydx =—7 J dZ;
Ty Ty

using equation (17) and reversing the direction of integration gives the current as

ff:: (l —[—Ib’2) K(w a) (w b) ]_i]i (w_unl)()/n—% (w*unz)*()/”*%dw’

and this becomes on further examination

= [0 (Rt Ryt Ryu?) 01
ull

%) P dqu,

J‘”wd (Ry+Ryu+Ryu
(145}
_ d(R\H, + R, H,, + Ry H,,)
(14 %)t

when H; = f i W du.

Doing a further integration over electrode 3 we find that condition (10) can be written
R, (Hyo+ Hyo) + Ry (Hy + Hy)) + Ry (Hyp + Hyy) = 0. (20)

By similar arguments condition (12) leads to

R[ R~ l+ﬁ2) Hyy+ (Gsa9— Gasp) :l‘l“ I: R"‘—/)TQ‘)M 214‘(6341*0231)]
+ R, l: —R 22+(Gs42“0232):| = VBmo. (21)

57-2
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The coefficients of R, R, and R, in equations (19), (20) and (21) can all be calculated
using (13) to determine the electrode ends «;; in the w plane. From the values of Ry, R, R,
it is possible with the aid of (18) to find the constants K, ¢ and & in the expression for
(dF’/dw) which allows calculation of current densities and integration of which gives
electrostatic potential variation in the generator.

4. CONCLUSIONS

A solution has been obtained to the problem of determining the current pattern in a
single-load generator with four electrodes. This solution takes into account the pheno-
menon of leakage current between electrodes on the same wall.

The results could be generalized so that a generator with any finite number z of electrodes
could be considered. In this case there would be 2z Schwarz—Christoffel factors instead of
eight as in equation (14) and there would be n—1 constants to determine instead of 3 as
in this case.

Determination of the constants ¢ and b makes it possible to calculate from equation (13)
the actual coordinates of 4 and B in the z plane. Then it will be known which portion of
the electrode is subjected to useful load current and which portion is allowing leakage
current to flow. These calculations should therefore indicate the distance at which the
electrodes should be set apart so that the leakage current is reduced to a suitable minimum,
or to determine the conditions under which the leakage current vanishes.

If the leakage current can be neglected the coordinates @ and 4 may be replaced by the
coordinates of the electrode ends and the complicated determination of the constants may
be omitted.
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